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Overview

Part A: Low-dimensional Models for Real Time Simulations

of Catalytic After-treatment Systems

(TWCs, DOCs, LNTs, SCRs and DPFs)
[Ref: Joshi, Harold and Balakotaiah, AIChE J., May 2009]

•low-d models for diffusion-convection-reaction 

• simulation of TWC cold start behavior in real time

• extensions of low-d models 

Part B: Analysis of monolith reactors using low-d models

(i) Controlling regimes

(ii) External Mass transfer controlled regime

(iii) Light-off Behavior

(iv) Multiple steady-states and periodic states

(v) Fronts in monoliths

(vi) Bifurcation analysis 

(vii) Microkinetic models vs. global kinetic models



Catalytic Monoliths- Multiple Length/ Time Scales
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Models of Homogeneous & Catalytic Reactors
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Tank ReactorTank Reactor

PackedPacked--Bed Catalytic ReactorBed Catalytic Reactor

A B

0 t,in     );,,,,( 2 >Ω∇∇=
∂

xpuuuxF
u

C

Detailed Model:Detailed Model:

L(m)L(m) 11 1010--3              3              1010--6               6               1010--99

Objective: Develop accurate low-dimensional models (in terms of 

average/measurable quantities) without losing any important 

physics at small length/time scales.

0 t,in  0),,,B( : B.C.

0 t,in  0),,,( :I.C.

0 t,in     );,,,,(
t

>Ω∂=∇

=Ω=∇Γ

>Ω∇∇=
∂

puux

puux

xpuuuxFC

Ideal CSTR Model:

L(m)L(m) 11 1010 1010 1010

t(s)     10t(s)     10--101033 11 1010--55 1010--77

0

in

C0)(tC :I.C.

0t    );CR()C(C
τ

1

dt

Cd

==

>−−=

(Bodenstein & Wolgast, 1908)

GASGAS

lmc

gc

Gas-Liquid Tank 

Reactor

LIQUID



Detailed Diffusion-Convection-Reaction Models for Monoliths

Ω

Ω

P

A
2=wδ

Shape Normalized 
Diffusion Lengths
Shape Normalized 
Diffusion Lengths

Ω

Ω

Ω

P

A
R 1=

fluid washcoat

z'

x'

y'
2Ω∂∂∂∂

1Ω

2Ω

1Ω∂∂∂∂

Steady State Balance Equations
interfacial coupling

2s

1

Ωy',x',CD

Ωy',x',

* ∂∂∂∂∈∈∈∈====∇∇∇∇

∂∂∂∂∈∈∈∈








)(

)(

0.n e

Steady State Balance Equations
Boundary Conditions

Lz'@0,
z'

C

z'

C
sf ========

∂∂∂∂

∂∂∂∂
====

∂∂∂∂

∂∂∂∂

( )( ) 0z'@0,
z'

C
&CCy',x'u

z'

C
D s

inf

f ==
∂

∂
−=

∂

∂
)(tm

interfacial coupling

sf

em

CC

.n.n

====

∇∇∇∇====∇∇∇∇ sf CDCD **( ) 12

f

2

f

ff
Ω)y',(x',

z

C
CD

z'

C
y',x'u

t

C
* ∈














∂

∂
+∇=

∂

∂
+

∂

∂

'

2

m

convection diffusion

reaction

( ) 22

s

2

ss
s

Ω)y',(x',
z'

c
CCR

t

C
* ∈









∂

∂
+∇=+

∂

∂ 2

ep Dε

diffusion

(((( ))))z',y',x'inPDEsCoupled



Traditional Low-dimensional Models for Catalytic Reactor Models

Two-phase model for a packed-bed reactor (Wicke, 1960; Liu & Amundson, 1963)
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Detailed Diffusion-Convection-Reaction Models for Monoliths
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� Diffusion is dominant at small length scales

� Local Diffusion operator of the CDR equation (with a periodic/ Neumann

& Robin BCs has a zero eigenvalue with a constant eigenfunction.

� Spatial degrees of freedom (small length scales) can be eliminated near

the zero eigenvalue (small parameter).

Spatial Averaging of Convection-Diffusion-Reaction (CDR) Models

Observations:

Balakotaiah & Chang;  SIAM J. Appl. Math., 63,1231Balakotaiah & Chang;  SIAM J. Appl. Math., 63,1231--1258 (2003)1258 (2003)
Balakotaiah, Chem. Balakotaiah, Chem. EngngEngng. Sci., 63, 5802. Sci., 63, 5802--5812,20085812,2008
Joshi, S. Y. , Harold, M. P. , V. Balakotaiah, Joshi, S. Y. , Harold, M. P. , V. Balakotaiah, AIChEAIChE J., May 2009J., May 2009

the zero eigenvalue (small parameter).

Procedure:

� Write the detailed (microscopic) model

� Identify the smallest length/time scale (expressed in terms of a small

parameter, say p)

� Express all other parameters (λi) as λi = αi p
n, where αi is O(1)    & n = 1,0, -1, …

� Apply the L-S reduction (eliminate spatial degrees of freedom)



Concentration Modes
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On the Relationship Between Aris and Sherwood Numbers and Friction and Effectiveness Factors
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Low-Dimensional Models for Diffusion-Reaction 

Problems
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Three-mode Model for an Isothermal Monolith (L/dh >>1)

( )
sfm

cefmfm
CC

R

k

x

C
u

t

C
−−=

∂

∂
+

∂

∂

Ω

( ) ( )wwwsci

w

wp CRCCk
t

C
δδε +−=

∂

∂

( ) ( )wscisfmce CCkCCk −=−
ΩΩ ==

DSh
k

DSh
k meei          

z'

x'

y'
2Ω∂∂∂∂

1Ω

2Ω

1Ω∂∂∂∂

( ) ( )wscisfmce

Ω

ΩΩ ==
R

DSh
k

DSh
k me

ce

w

ei
ci          

δTwo-Mode form:

0 @ )(  :

)()0,(  :2

)()0,(  :1

)()(

)(

0

0

==

==

==

−−=
∂

∂

−−=
∂

∂
+

∂

∂

Ω

xtCCBC

xCtxCIC

xCtxCIC

CRCCk
t

C

CC
R

k

x

C
u

t

C

infm

ww

mfm

wwwfmmo

w

wp

wfm
mofmfm

δδε

meei

w

meei

w

cecimo

DSh

R

DSh

DSh

R

DSh

kkk

∞Ω

Ω

∞Ω

Ω

Ω

Ω

+≈

+=

+=

δ

δ

      

      

111



Analogy between internal and 

external mass transfer coefficients



Theory and Computation of Internal Mass Transfer Coefficients
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Shi for some common geometries

Joshi SY, Harold MP and Balakotaiah V. On the use of internal mass transfer coefficients in modeling of 

diffusion and reaction in catalytic monoliths. Chemical Engineering Science (in review)



Three-mode Model for an Isothermal Monolith (L/dh >>1)
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Comparison of Accuracy of Low-D Model for Linear Kinetics, Single

Reaction and Isothermal Case:
Circular channle with uniform 

washcoat thickness

Joshi , Harold & Joshi , Harold & 

Balakotaiah,

AIChE J., May 2009.



Low-Dimensional Model for Multi-component DCR 

Problem:
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Simulation of Transient Behavior of a TWC with Global 

Kinetics



Monolith Temperature

COMSOL SOLUTION
LOW-D MODEL SOLUTION

Joshi , Harold & Balakotaiah,

AIChE J., May 2009
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Demonstration of Real Time Simulation of the

Cold-start Behavior of a TWC

Extensions to the low-D models

• Developing flows

• Microkinetics ( 2 equations for each gas phase species,  one eqn. for each surface species)

• Estimation of kinetic parameters from bench scale expts.• Estimation of kinetic parameters from bench scale expts.

•Axial variations of PGM loading

• Transverse variations in temperature (heat losses)

• Other types of catalytic and multi-phase

reactors



Overview

Low-dimensional Models for Real Time Simulations

of Catalytic After-treatment Systems

(TWCs, DOCs, LNTs, SCRs and DPFs)

•low-d models for diffusion-convection-reaction 

• simulation of TWC cold start behavior in real time

• extensions of low-d models 

Models:

Analysis:

• extensions of low-d models 

Generic features of monoliths using low-d models

(i) Controlling regimes

(ii) External Mass transfer controlled regime

(iii) Fronts in monoliths

(iv) Multiple steady-states and periodic states

(v) Light-off behavior

(vi) Bifurcation analysis 

(vii) Microkinetic models vs. global kinetic models



(i) Controlling Regimes

Comparison of various resistances 

Criterion for controlling regimes



Kinetic Regime-H2 Oxidation
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Washcoat Diffusion controlling
Parameters
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(ii) External Mass Transfer Controlled Regime in Monoliths
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(iii) Analysis of fronts in after-treatment systems
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Summary/Conclusions

Part A:

Part B:

Fundamentals based 

Low-dimensional Models for Real Time Simulations

of Catalytic After-treatment Systems

(TWCs, DOCs, LNTs, SCRs and DPFs)

Analysis of monolith features using low-d models

(i) Controlling regimes

(ii) External Mass transfer controlled regime

(iii) Fronts in monoliths(iii) Fronts in monoliths

(iv) Multiple steady-states and periodic states

(v) Light-off behavior

(vi) Bifurcation analysis 

(vii) Microkinetic models vs. global kinetic models
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